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Abstract 

This paper presents an example of practical use of Prony’s method for monitoring of power waveform 
fundamental harmonic fluctuations, which is required for the analysis of window synchronizations in frequency 
analyses in power monitoring systems. The example presented offers verification of the authors' theoretical 
considerations published earlier in articles about Prony’s method and its opportunities for practical use for real 
life signals. The investigations shown are based on the least squares Prony’s method, which, in connection with 
digital filtrations, enables estimations of fundamental frequency at the rate of even tens of times per one 
fundamental harmonic period. 

Keywords: Power quality, Prony’s method, harmonics, measurements. 
 

© 2011 Polish Academy of Sciences. All rights reserved

 
1. Introduction 

 
The problem of precise estimation of fundamental harmonic frequency is very important 

for Fourier’s analysis method used in power quality monitoring systems. 
The estimating of frequency fluctuations in a short time window enables  resampling the 

analyzed signal normalizing the frequencies of particular components so that they meet the 
frequencies of harmonics computed in Fourier transform. It is important for more accurate 
estimations of parameters of all harmonics in power waveforms [1, 2], especially for those 
systems which have a low stability of fundamental harmonics (power systems of ships and 
other closed power systems).  

The popular algorithms for precise estimation of fundamental harmonic include spectral, 
adaptive filtering, mixed time and frequency domain, least-squares and eigenvector 
decomposition algorithms, etc. [3-5]. 

For precision short time analysis of power waveforms fluctuations, the authors decided to 
use Prony’s method for reasons given below. The Prony analysis is a parametric method of 
large complexity. This method outperforms its Fourier transform counterpart [6, 7] in the 
accuracy of signal modeling and analysis for many practical signal processing situations. The 
advantages of LS Prony’s method include precise estimation of frequency, amplitude and 
phase, in addition to the ability to compute damping coefficients for the signal components, 
which can be used for transient analysis.  

The LS Prony’s method is unfortunately very time consuming, because at each step it 
requires the inversion of large-size matrices, the rooting of a high-order polynomial, etc. In 
addition, problems occur sometimes with the numerical stability of a solution. The method is 
also known to behave poorly when a signal is corrupted with additive noise. Despite this fact, 
there are lots of examples of its application in power quality analysis [8-20]. 
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The rest of this paper is organized as follows: Section 2 presents the LS Prony’s method as 
well as the authors' algorithm for frequency of fundamental harmonic estimation; test 
simulation environment for the new method is described in Section 3 and performance of the 
method is also addressed there; new results of the paper are summarized in the conclusions of 
Section 4. 
 
2. Method description 
 
2.1. LS Prony’s method 
 

The LS Prony’s method is based on the representation of a signal as a linear combination of 
exponential functions [21, 22]: 
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for n = 1,2,...,N, where N – the length of signal, p – the number of exponentials, T –  the 
sample interval in seconds,  ak – the amplitude of the complex exponentials, αk – the damping 
factor in seconds-1, fk – the sinusoid frequency in Hz and θk – the initial phase of the sinusoid 
in radians. 

The block diagram of the least squares Prony’s method is presented in Fig. 1. 
 

 

Fig. 1. The least squares Prony’s method [8]. 
 

 The computational algorithm is split into 2 parts. In the first part (Section 1), the Toeplitz 
matrix is computed, then the Singular Value Decomposition (SVD) is executed and the 
polynomial roots are extracted (zk). The frequencies and damping factors of the analyzed 
signal are calculated from the root vector z. In the next stage (Section 2), the Vandermonde 
matrix is calculated and the least squares method is used to estimate an unknown parameter 
vector h. This vector is used for computation of the amplitudes and initial phases for signal 
components. 
 
2.2. Prony’s method and filtering 
 

The presented method, used for short time window power waveform fundamental 
harmonic estimation, is shown in Fig. 2. The presented algorithm enables also the estimations 
of the damping factor, as well as amplitudes and phases of analyzed signals, but in this paper 
only frequency analyses are included. Other analyses will be shown in subsequent 
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publications. The analysis of fundamental frequency fluctuations consists of, in the first step, 
signal filtering with adjusted band pass filter and, in the next step, Prony analysis (Section I, 
as per Fig. 1). 
 

 
Fig. 2. The idea of precise fundamental harmonics estimation. 

 
Fig. 3 presents Prony analysis of signal. Prony’s method works as a moving window of 8 

samples size for better harmonic approximations. The size of Prony’s model is 2 because only 
one harmonic is estimated. For a sampling frequency of 25.6 kHz, the length of the analysis 
window is only Ta = 312.5 µs, which enables fluctuations of frequency harmonic estimations 
many times in each one-signal period. 
 

 
Fig. 3. Prony’s method for fundamental harmonics estimation. 

 
For the projected filter for signal analysis the authors made some basic assumptions: 

– maximum linearity in the pass band – the authors chose the Butterworth filter, 
– pass band around 50Hz – Prony’s method is a very sensitive one and therefore 

absorption of over a dozen dB does not significantly affect harmonic detection, 
– a very high stop magnitude for other harmonics eliminations, 
– frequency of stop bands below the frequency of next harmonics, 
– low order of the filter for fast computations – the authors chose the IIR class of filters. 
The parameters of projected filters, adjusted according to presented assumptions, are 

shown in Table 1. Fig. 4 and 5 shows the magnitude response of the constructed filter.  
 

Table 1. Filter description – Fig. 4, 5. 

Filter type Butterworth IIR filter 
Sampling frequency fs= 25600 Hz 
Stop frequency 1 fstop1= 25 Hz 
Pass frequency 1 fpass1= 49.5 Hz 
Pass frequency 2 fpass2= 50.5 Hz 
Stop frequency 2 fstop2= 90 dB 
Stop magnitude 1 Astop1= 90 dB 
Pass magnitude Apass= 1 dB 
Stop magnitude 2 Astop2= 90 dB 
Filter order order= 6 
Filter section section= 3 
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Fig. 4. Magnitude response of band pass filter. 
 

 
 

Fig. 5. Magnitude response of band pass filter – zoom in pass band. 
 
2.3. Measurement methods 
 
Figs 6 – 8 present three measurement methods used in the investigations: 

1. In Fig. 6 the test signal is generated and, after adding noise, analyzed in Matlab – this 
enables estimation of noise influence. 

2. In Fig. 7 the signal is generated in Matlab, then converted from digital to analog with 
multifunction DAQ, next the analog signal is amplified, then passed through the 
calibrated voltage divider circuit with galvanic isolation and, in the last steps, 
converted to digital form and analyzed in Matlab – it enables estimation of the 
accuracy of the presented method in real life systems. 

3. In Fig. 8, the real life power waveform is archived and analyzed with the use of a 
calibrated voltage divider circuit with galvanic isolation, multifunction DAQ and 
Matlab environment – it enables the observation of frequency fluctuations in a real life 
power network system. 

 

 
Fig. 6. Waveform generation and analysis system. 
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Fig. 7. Power waveforms generation and acquisition system. 

 

 
Fig. 8. Power waveforms acquisition system. 

 
3. Results 
 

In the articles, the authors focused on the accuracy estimation of the described method, 
which is the most important for applications presented in the introduction. Analysis of the 
accuracy of estimation of other parameters such as: amplitudes, damping factors and initial 
phases will be shown in a subsequent publication. Table 2 shows compositions of estimated 
frequency precision for different measurement methods and signals. The results obtained 
prove the high accuracy of the presented method even for a signal with a high level of noise  
(3ϭ =153.0 µHz for 40dB signal to noise ratio). 
 

Table 2. Estimated precision for a variety of types of measurements and signals  
(analysis window – Ta=312.5 µs). 

 

Where: ϭ – standard deviation of measurements, 3ϭ – uncertainty for 99.73% of values expected. 
 

In comparison, the precision obtained with simply the zero-crossing detection method  
(Fig. 9) used for fundamental harmonic estimation is about: 

 mHz 97.5000 ≈−= HHH fff
))

∆ , (2) 

for: 
49.90253Hz/1 00 == HH Tf

))

, 
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Sf  – sampling frequency, 0Hf – frequency of fundamental harmonic, 0Hf
)

– estimated 
frequency of fundamental harmonic. 

0HT
)
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Fig. 9. Zero-crossing detection method for fundamental harmonic frequency estimation. 

 
The results presented show a significant advantage of the discussed method, with accuracy 

much better than the zero-crossing detection method. 
Figs. 10-14 present the recorded frequency fluctuations for simulated signals. Figs. 15-17 

present the recorded frequency fluctuations for real life power waveforms. All figures have 
the same frequency axis range for better observation of differences between individual 
measurements.  

 

  
Fig. 10. Recorded frequency fluctuations of simulated 
signal without noise, (fundamental harmonics f=50 Hz, 

estimated precision 3ϭ = 7.80 µHz). 
 

Fig. 11. Recorded frequency fluctuations of simulated 
signal with white noise, (fundamental harmonics f=50 

Hz, estimated precision 3ϭ = 153.0 µHz). 
 

 

  
Fig. 12. Recorded frequency fluctuations of generated 
signal with NIDAQ, fundamental harmonics f=50 Hz, 

estimated precision 3ϭ = 60.9 µHz). 
 

Fig. 13. Recorded frequency fluctuations of generated 
signal with NIDAQ, (fundamental harmonics f=51 Hz, 

estimated precision 3ϭ = 111.9 µHz). 
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Fig. 14. Recorded frequency fluctuations of generated 
signal with NIDAQ, (fundamental harmonics f=49 Hz, 

estimated precision 3ϭ = 93.3 µHz). 
 

Fig. 15. Recorded frequency fluctuations of real life 
power waveforms – example 1. 

 

 

  

Fig. 16. Recorded frequency fluctuations of real life 
power waveforms – example 2. 

 

Fig. 17. Recorded frequency fluctuations of real life 
power waveforms – example 3. 

 
 

4. Conclusions 
 

The problem of precise estimation of fundamental harmonic frequency is very important 
for Fourier’s analysis methods used in power quality monitoring systems. Simple methods 
such as zero-crossing detection do not offer enough precision, which was proved in the paper. 
The investigations made show new opportunities to improve the accuracy of measurements 
for methods currently in use in real time power quality monitoring systems. The estimation of 
frequency fluctuations in a short time window enables resampling the analyzed signal that 
normalizes the frequencies of particular components so that they meet those computed in 
Fourier transform harmonics. It ensures obtaining Fourier analysis window synchronizations 
on a very high level that is required for precision computation of harmonics parameters, even 
for difficult frequency fluctuations in the analyzed window. The results lead to subsequent 
research. Improving the accuracy of measurements conducted under this method for a variety 
of types of analyzed signals will be the subject of subsequent articles, but these very 
preliminary investigations show the opportunity for use of the presented method especially in 
those systems which have a low stability of fundamental harmonics (power systems of ships 
and other closed power systems), where power quality measurements are a difficult task to 
perform. 
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